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Abstract. The density of polynomials in a weighted space of 
infinitely differentiable functions on M" is proved under minimal con- 
ditions on weight functions and on differences between weight func- 
tions. We apply this result for description of strong dual for weighted 
spaces of infinitely differentiable functions on M and weighted spaces 
of sequences of infinitely differentiable functions M in terms of the 
Fourier-Laplace transform of functionals. 



1. On approximation by polynomials. Let tp = {Lprn}m=i be a family of 
continuous functions '■ IR such that: 

1) . lim = +00 for each m G N; 

2) . lim (v?m(x) - iprn+i{x)) = +00, m G N. 

X— >oo 

For each m G N let 

S{^m) = {fe C'"(M") : q^if) = sup '^7^"^^' < 00}. 

x&R",\a\<m ^^P[Vm[X) ) 

Obviously, £^(v?m+i) C £{(Pm)- 

00 

Set S{(p) = Pi S{ipm)- Endow S{(p) with the topology of projective limit 

m=l 

of the spaces £{iprn)- Clearly, the topology of S{ip) can be defined by the 
family of norms 

qp,m{f) = sup '^/^f ' , / G S{ip),p G Z+,m G N. 

Note that for each m G N the space S^tpm+i) is completely continuously 
embedded into the space S{{pm) [!]• So S{ip) is an (M*)-space [2]. 
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Under additional assumptions on weight functions the space ^^(v?) was 
considered from various points of view by L. Ehrenpreis [3], B.A. Taylor [4], 
I. Kh. Musin [5], [6] and others. In particular, the problem of polynomial 
approximation in £{ip) was studied in [5], [6] in the case when i^m{,x) = 
ip{x) — mln(l + cp is a, real function on such that for some C > 

0, D e M > C||x||'' — D, X G M"^. Now under minimal conditions on 

weight functions and on differences between weight functions we study this 
problem again. 

Set for compactness 6m{x) = exp{ipm{x)), a: G R". 

For a function : [0, oo) — > IR such that 

hm = +00 (1) 

a;->+oo X 

let u*{x) = su]){xy — u{y)), u{e){x) = u{e^), x > 0. Note that u*{x) < oo 
y>o 

u*(x) 

on [0, oo) and lim = +oo. 

x— »+oo X 

The following useful lemma holds. Its proof is elementary. 

Lemma. Let a lower semi-continuous function u : [0, oo) M satisfy (1). 
Then 

{u{e)y{x) + {u*{e)y{x) < xlnx- x, x > 0. 
Theorem 1. The polynomials are dense in S{(p). 

Proof. The beginnig of the proof is the same as the one in the proof of 

Lemma 6 in [6]. 

Let / G S{^p)i that is, / G £(M"') and for each m G N there exists > 
such that 

\D''f{x)\ < cM^), X G R", |a| < m. (2) 

Let us approximate / by polynomials in S{lp). There are three steps in 
the proof. 

1. For r > let 11,. = {x G : \xj\ < r,j = 1, . . . , n}. We consider a 
function x ^ C°°(]R) such that supp x. ^ [^2,2],x(x) = 1 for x G [—1,1], 
< x(x) < 1 Vx G M. We set T]{xi, X2, ■ ■ ■ , x„) = x{xi)x{x2) ■ ■ ■ xi^n)- Let 
fA^) = /(^)^(f)) G N,a; G M". Obviously, fi, G S{ip). We claim that 
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— > / in £{^p) as — > oo. For each m e N we have 

\fu{x)-f{x)\ \f{x)\ Cm+l9m+l{x) 

^"P TT~\ TT^ - ^"P TT~\ 

Hence, as — > oo 



Now ^ 



\D-{M^)-f{x))\ 



sup , , 

a;eIR",l<|a|<m c/mv3^J 

I E (f ) + - 1) 

/3<a,|/3|<|a| 

sup ^——^ 

a;eR",l<|a|<m fm\X) 

/3<a,|/3|<|a| 

< sup -— h 

a;en2i.\n^,l<|a|<m t/m,yX ) 

+ sup 

a;^n^,l<|a|<m "m\X) 

Hence, using inequahty (2) we conclude that as — > oo 

sup l^°(/f)-/W)Uo. 

It now follows by (3) that qm{fv — /) ^ as — > oo. Since m G N can 
be arbitrary this means that the sequence {fi,)^^^ converges to / in £{ip) as 
V — > oo. 

2. Fix e N. Let h be an entire function (not identical zero) of exponen- 
tial type at most 1 such that h e Li(M),/i(a;) > 0, a: e M. For example, we 
sin^ - 

can take hiz) — — ^r-^, z e C. Let Hizi, Z2, ■ ■ ■ , Zn) — h(zi)h(z2) ■ • ■ h(zn)- 



^For two multi-indices a = {ai, . . . ,an),P = • • • ,/3„) G Z" the notation (3 < a 
indicates that Pj < aj, j = 1, 2, . . . , n. 
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By the Pal ey- Wiener theorem ( [7] , Chapter 6) we can find a positive constant 
Ch > such that for each ck e 

I (x) I <Ch , xeW. (4) 

Let Jjg„ H{x) dx = A. For A > 1 we now set 

fuAx) = — / My)H{X{x - y)) dy, x e R^ 

Obviously, fi,^x £ ^{'p)- Let us show that fi,^x fu in ^{'P) as A — > +oo. 

2n 

We consider arbitrary m E N and let r(A) = X~2n+i . For arbitrary 

aez+,xew 

(Z^"^,)(x) - = - / - {Dy,){x))H{X{x - y)) dy 

{{D^UM - {Dy,){x))H{\{x - y)) dy 

) 

A" C 

+ - / {{D^Um - {Dy^){x))H{\{x - y)) dy. 

^ J\\y-x\\>r{X) 

We denote the terms on the right-hand side of the last equahty by Ii^a{x) 
and 120(3;), respectively. Let X,^^ = max Then elemen- 

a;eM",|/3|<m+l 

tary estimates yield 

max \IiJx)\ < — i—- r^A 

r.eMMa|<m' ^' " Ar(f + 1) 

max 1/20(3;) I < , '^'"^ f Hiu) 



yn 

'a 



y-x\\<r{X) 



It follows from these two inequalities that 



du. 

u||>A^"+i 



max |(D"/.,,)(x)-(i^"/.)(x)|^0 

a;eK",|a|<m 

as A — s> +00. Hence, qm,{fu,x — /y) — > as A — > +00. Now, since m G N is 
arbitrary, it follows that f^^x —>■ in £{(p) as A — > +00. 
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3. We now fix A > and u & N and approximate f^x by polynomials in 
For e N let 

A;=0 

H{x) = U^{x)+ Yl iN + lV ' 

where t is a point in (0, 1) depending on x e IR", it follows with the help of 
inequality (4) that 

\H{x)-Un{x)\< ^N^iy • (5) 

Let > be such that suppfi, C Ur. Then we set 

^^(^) = -J / My)UN{X{x - y)) dy, X e M". 

It is obvious that Vat is a polynomial of degree at most N. We claim that 
the sequence {Vn)n=i converges to /^,a in ^(v^) as A'" — > oo. Let m e N be 
an arbitrary. For a e Z" and x e 

{Dy,,,){x)-{D"Vr,){x)) = - / {DyM{H{K^-y))-UN{X{x-y))) dy. 

Hence with the use of inequality (5) we find from elementary estimates pos- 
itive constants C\ and such that for arbitrary A^G N, |q;| < m, x G R" 

Thus, for each A^e N 

(A^+l)!a;eMn 6'^(x) 



Let S""-! = e : = 1}. For each a e S'"-^ let = 

(Prn{(^t), t > 0. 

Making elementary computations and using Lemma we get for some pos- 
itive constants C3 and C4 not depending on N 

a (f V)< ^'^^ {N+ir^^ 

(lm{Jv,\ - Vn) S 



(iV + l)!exp( inf ^«,(e*))*(iV+l)) " 
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Using Stirling formula and the fact that uniformly by cr e 5 

(yp;.,.(eO)*(iv + i) ^ 

lim — — — ; = +00 

we conclude that qm{fv,\ — Vn) — as iV — >• cxo. 

The density of polynomials in £{i~p) follows from steps 1) - 3). 

2. On strong dual for £{^p) in case n = 1 and special Let = {<^m}m=i 
be a family of convex functions (fm : M ^ R such that: 

1. lim ^'^^ ^ = -|-oo for each m G N; 

2. cpra{x) - (frn+iix) > ln(l + m G N. 
Let iprnix) = sup{xy - ip{y)), x eR. 



Let Q{(f) = (J Qiipm), where 

Qi^m) = (/ e H(C) : NM = sup iw'-^^l' ^ < 00 

[ ^ec (1 + \z\r exp((^^(/m 2)) 

We endow Q{<fi) with the inductive limit topology of the normed spaces 

For a functional F e let F(A) = F(e-^^^), A e C. 

Let ^*(</') be the strong dual space for S{(^). 

Using Theorem 1 and results of [5] (in particular, Theorem 2) we imme- 
diately get 

Theorem 2. The map A : F e E*{(p) F establishes topological isomor- 
phism of the spaces S*{(p) and Q{<f). 
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3. On strong dual for a weighted space of sequences of functions. On a 
base of £{^p) we construct a weighted space of sequences of infinitely differ- 
entiable functions. Let {(c[."*'*)fe?=i}m=i be a family of sequences (c^'^'')feLi of 

positive numbers cj^' such that for each m eN ,^ , = < oo. 



Now for each m e N we define the normed space 



k=l 



Tm^{f^(fl,...Jk,...)Jke C^(R) : Pmif) = Yl <t^^rn{fk) < OO 



k=l 



Clearly, T^+i C for each m e N. 

oo 

Let T = Pi T^. The hnear space T is equipped with the topology of 



m=l 



projective limit of the spaces T^. Let T' be the space of linear continuous 
functionals on T, T* be the strong dual for T. 

Let Rm be a closure T in T^. is considered with the topology induced 
from T„j. Then T is a projective limit of the spaces Rm and T* is an inductive 
limit of the spaces R^. 

Here we describe the space T* in terms of the Fourier-Laplace transform 
of functionals as some weighted space of sequences of entire functions. 

3.1. On the weighted space T of sequences of infinitely differentiahle func- 
tions. It is easy to show that the embeddings im+i,m '■ Tm+i — ^ are con- 
tinuous for each m G N. Moreover, the embeddings im+i,m • Tm+i are 
completely continuous for each m G N. Really, let = {/ ^ T^+i '■ 
Pm+iif) < > 0, be the ball in T^+i- Consider the set Br of all 

/ = G Tm+i such that qm+i(fk) < (K^ct^Y^ k E N. 

Obviously, Br C Br. As we know for each m G N the space £{iprn+i) 
is completely continuously embedded into the space £{(pm) [!]• Thus, 
the set Ci = {u G £{ipm+i) '■ qm+i{u) < 1} is relatively compact in 
S{yPrn)- So one can extract a sequence {uj)'jLi,Uj G Ci, convergent in 

S{ipm) to some Uq G S{(pm) as j oo. Put fj,k{x) = Uj{x){KmCj^^^^)~^, 
fo,k{^) = Uo{x){Kmct^+'Y\ j,k G N. Let /, = (/,, i, . . . , fc, . . .), j G N, 
/o = (/o,i, ■ ■ ■ , fo,k, ■■■)■ Then fj G Br for each j G N and 

oo (m) / \ 

PmUo Jo) - TT^^) ^ U, J ^ oo. 
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Hence, the sequence converges in T^n to /o as j — > oo. Thus, the space 

T is an (M*)-space. 

3.2. Representation of a linear continuous functional on T. Let F e T'. 
Then there exists m e N, c > such that < cpm{f), f Define 
the functional Fk on £{<f) by the rule Fk{u) — F{uk), where Uk is an element 
of T with u on k-th place and zero other components, k eN. We have 

\Fk{u)\ < ccf'\^{u), ueS{ip). (6) 

Further, for / = (A, ...,/„,.. .) G T let /, = (A, ...,/,, 0, 0, .. .), j = 
1,2, . . .. Then fj ^ / in T as j — >• oo. Consequently, F{fj) —>■ F{f) as 
J — s> oo. Thus, 

oo 

3.3. 5'ome notatations and definitions. For /c e N, A e C let (e~*'^'^)fc let 
be the sequence with e~'^^ on A;-th place and zero other components, x e M. 

For a functional F e T' let F = (A, ■ ■ ■ , ^jfc, • • • )> where Fk{X) = 
^((6"*-^^)^), A e C, A; e N. Each function Fk is an entire function [5]. 
For each m e N let 



Pm^{9={9k)k=i,9k^H{C):\\g\\„ 

\9k{X}\ 

sup sup —f—^ 

k>i Aec cP(l + |A|)"^exp((^„(/m A)) 



Set P = IJ Pm. The hnear space P is equipped with the topology of 

m=l 

inductive limit of the spaces Pm- It is not difficult to show that P is an 
(LA^*)-space (for definition of (LA^*)-space see [2]). 
3.4. Description ofT*. The following result holds. 

Theorem 3. Let functions ifm be convex, m G N. Then the transformation 
J-' : S E T* ^ S establishes a topological isomorphism between the spaces T* 
and P. 

Proof. Note that if 5" G T* then for some m eN S e R^,. 
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Let F e R*^, m eK Then |F(/)| < iV™(F)p„(/), / e R^, where 
N^{F) is a norm of functional F in i?^. For each A; e N 

|^fe(A)| <7V„(F)cf)(l + |A|rexp(^;(7m A)), A e C. 

Thus, \\F\\^ < Nm{F), F G R^, m E N. This means that the hnear map 
acts from T* to P continuously. 

The linear map J-' is injective. For proving it is sufficient to verify that the 
system of sequences {x°')k where is on A;-th place and other components 
are zero {a G A; G N) is complete in T. Actually, let F G T' be such that 
F{{x°')k) = for each a G k E N. Using the representation of the form 
(7) we have for a linear continuous functional F^ on £{ip) that Fk{x°') — 
for each a G Z+. But then F/t = 0, since polynomials are dense in 

The map is surjective. Let g = {gi, . . . ,gk, ■ ■ ■) G P. This means that 
gk are entire functions which satisfy for some c > the estimate 

|^fe(A)| <c4"^)(l + |A|rexp(^^(7m A)), keN. 

By theorem 2 in [5] (see the proof there, we use the second condition on 
functions ipk) there exist functionals Gk G S'{(p) and a constant Ci > such 
that Gfe(e-^^^) = gk{X) and 

\Gk{u)\ < cic4™^gm+2,2(w), u G S{^p). 
We define the functional G on T by the rule: 

oo 

G{f) = J2Gk{fk), f = {h,...,fk,...)eT. 

k=l 

The series in the right-hand side converges: 

oo 
k=l 

Also from this estimate it follows that the linear functional G is continuous. 

Obviously, G = g. 

Now the assertion of Theorem 3 follows due the open mapping theorem. 
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